Some technical results on the deformations of varieties of general type and on permanence of semilog-canonical singularities are proved. These results are applied to show that the connected component of the moduli space of stable surfaces containing the moduli point of a product of stable curves is the product of the moduli spaces of the curves, assuming the curves have different genera. An application of this result shows that even after compactifying the moduli space and fixing numerical invariants, the moduli spaces are still very disconnected.
It is by now well-known that the moduli spaces of smooth minimal surfaces of general type share few of the pleasant features of their counterparts for smooth curves. They may be, for example, disconnected [Cat86] , their connected components may be reducible [Hor75] , and their irreducible components may be everywhere nonreduced [Cat89] . The first steps toward a compactifiction of these moduli spaces were taken in [KSB88] , which proposed a definition of the moduli spaces of stable surfaces. Several authors contributed to completing the proof of the existence and projectivity of these moduli spaces; for an overview, see [Vie95] or [Kar00] . The moduli spaces of stable surfaces may have fewer connected components than the moduli space of smooth minimal surfaces, as noted in example 5.12 of [KSB88] . One may ask if these spaces are indeed connected. The proofs of disconnectedness found in [Cat86] use the fact that members of a smooth family over an irreducible base are diffeomorphic. It is then proved that there exist surfaces with the same invariants K 2 and χ, but different differentiable invariants. Manetti proves that smooth members of a family over an irreducible base are (orientedly) diffeomorphic if the singularities of the members of the family are at worst of class T [Man01] .
One expects that the moduli spaces of stable surfaces are also disconnected, but the smooth fibers of a flat family will not in general be diffeomorphic if the family contains varieties with singularities worse than class T , so different methods of proof are required. The main result of this paper identifies some compact irreducible components of some moduli spaces of stable surfaces, namely those corresponding to products of stable curves. It is then easy to find different components of the moduli space of surfaces with fixed K 2 and χ. For example, a product of curves of genus 3 and 7 has the same values of K 2 and χ as a product of curves of genus 4 and 5, but these cannot be deformed into each other, even in a family with singular fibers. The proof extends to moduli spaces of higher dimensional varieties, whose existence is proved by Karu [Kar00] , assuming the minimal model program. Moduli spaces of products of curves, and more generally surfaces isogenous to products of curves have been considered in [Cat00] in the case of smooth curves.
The usual notations and conventions of algebraic geometry are employed, following [Har77] with the notations of higher dimensional algebraic geometry following [KM98] . All schemes are defined over the field C. A variety will be a connected, reduced, and separated scheme of finite type, not necessarily assumed irreducible. A family will be a flat morphism of varieties. The deformation theory results used can be found in [Vis] ; the base space of a miniversal deformation will be called the Kuranishi space, following the convenient terminology from analytic geometry. The definitions of the moduli spaces of stable varieties and of semi-log-canonical (slc) singularities can be found in [Kar00] .
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Deformations of products
In this section, some general deformation-theoretic results are proved about products of varieties. These results are formal and primarily homological. The goal is to show that under some conditions on singularities, 0 University of Washington, opstall@math.washington.edu.
the small deformations of a product of varieties are obtained by deforming the factors. Let X = Y 1 × Y 2 be a variety which is the product of two local complete intersection varieties Y 1 and Y 2 of general type; let π i denote the projection map to Y i . This notation will be fixed throughout this section.
Recall the formula for "cohomology and flat base change" in this context. There is a diagram
Under the given hypotheses on the morphisms and schemes in this diagram, the following holds:
Theorem 1.1 (Cohomology and flat base change). For all i ≥ 0 and for any quasicoherent sheaf F on Y 1 , there are natural isomorphisms
Take global sections of both sides of the equation to obtain:
To compute the right hand side, use the Leray spectral sequence
From the the fact that π 1 is a projection from a product of varieties: F ). Taking F = T Y1 and using the general type hypothesis:
Proof.
On an open set U of Y 2 , at the presheaf level:
which is 0 since Y 1 is of general type. Hence the sheaf π 2 * π * 1 T Y1 = 0. This means that the only differential d 2 affecting the degree one cohomology of the target is the zero map, since it maps to H 2 (Y 2 , π 2 * π * 1 T Y1 ). Also, the contribution of H 1 (Y 2 , π 2 * π * 1 T Y1 ) to the degree one cohomology is zero. This proves the corollary.
The following "rigidity lemma" will be useful:
is a surjective morphism of products of stable varieties of general type, then after possibly renumbering, h can be written as the product of maps h i :
Proof. This follows from the fact that the tangent space to the scheme Hom(X i , B j ) at the equivalence class [f ] of a morphism is H 0 (X i , f * T Bj ) which vanishes due to the general type assumption. A morphism h as in the hypothesis which is not a product would be a non-trivial deformation of some morphism f :
In particular, it follows that, up to renumbering, a product of curves of general type can be written as a product of curves in a unique way. This depends on the general type assumption, as there exist abelian surfaces which can be written in distinct ways as the product of elliptic curves.
The assumption that the varieties is this section are local complete intersections implies that the space T 1 (X) of first-order infinitesimal deformations of such a variety X is given by Ext
See [Vis] for details. This assumption is not necessary for the results; a proof of the general case using the cotangent complex appears in [vO03] . The general proof actually "looks" easier, but uses derived categorical methods. Proof. Since Y 1 , Y 2 , and X are local complete intersections, it suffices to show that
by the above remark. Some shorthand is in order: let
There is a map Ext
since the fibered product of an infinitesimal deformation of Y 1 and an infinitesimal deformation of Y 2 gives an infinitesimal deformation of X. This map is injective, since a nontrivial deformation of Y 1 will not become trivial upon taking the product with a deformation of Y 2 , and vice-versa (under the general type assumption; this follows from lemma 1.4).
By the formula for the cotangent sheaf of a product and the commutativity of Ext with finite direct sums,
so it suffices to prove that e * i ≤ e i for i = 1, 2.
There are two relevant local-to-global Ext spectral sequences:
By results from section 12 of [EGA III], there is a natural morphism of spectral sequences E → ′ E. For computing Ext 1 , the only relevant differentials are the d 2 and d * 2 which occur in the following commutative diagram resulting from the morphism E → ′ E:
Since π i is flat with connected fibers, φ is an isomorphism. The exact sequences of low degree terms for this spectral sequence yields: 
Proof. By assumption, the induced map on cohomology
is the identity, which proves that the first arrow is injective.
Note that the general type hypothesis is essential: suppose the Y i were both smooth elliptic curves. Then one may replace all of the Ext 1 (Ω, O) on X and the Y i with H 1 (T ). The tangent sheaf of an abelian variety is trivial, so
. Also, without the properness assumption, the group of infinitesimal automorphisms is not finite, so the proof is not valid. The product of an affine line with the union of the coordinate axes of C 2 has nonisolated singularities, and hence an infinite dimensional T 1 although each of the factors has finite dimensional T 1 .
Corollary 1.7. The Kuranishi space of a product of finitely many stable curves is smooth.
Proof. This follows from the fact that the deformations of stable curves are unobstructed, and from the above result shows that the only infinitesimal deformations of the product come from the factors, and are consequently unobstructed.
Products of stable varieties
An essential advantage in using the compactified moduli space becomes apparent when one can determine all of the stable degenerations of a class of varieties. This section is dedicated to proving that products of smooth curves degenerate to products of stable curves, although the result is slightly more general. Higherdimensional versions of such a result would depend on a deeper study of obstructions which appear. The proof given here also uses the normality of the moduli spaces of stable curves, which follows from unobstructedness. Following Karu, we assume the relative minimal model program to obtain the results in higher dimensions, but give a self-contained proof in the case of two curves:
Proposition 2.1. The product of stable curves is a stable surface. More specifically, the product of stable curves has only normal crossings and degenerate cusps as singular points.
Proof. The question is analytically local. The singularities of stable curves are nodes. Since the product of a smooth point on a curve with a node is a normal crossing singularity, it suffices to check that the product of a node with itself is slc. One must compute a semiresolution of the scheme Spec C[x, y, w, z]/(xy, wz). The only non-smooth, non-normal crossing point is the origin. The blowup of the origin is the spectrum (inhomogeneous in the first four variables and homogeneous in the last four) of C[x, y, w, z, s, t, u, v]/(st, uv, xt, ys, zv, wu, xy, wz, yu − zt, yv − wt, xu − zs, xv − ws).
Inspection of the Jacobian matrix shows that the only singular points of the blowup which lie over the origin are the points of P 3 with 3 homogeneous coordinates 0. Also, the exceptional divisor is Proj C[s, t, u, v]/(st, uv), which is a cycle of 4 rational curves. Therefore, if the singularities over the the origin are normal crossings, the blowup is a semiresolution of our original scheme, so the original singularity is a degenerate cusp.
Indeed, the singularities are normal crossings. In an affine patch around the point (0, 0, 0, 0, 1 : 0 : 0 : 0), the variety is isomorphic to Spec C[x, w, z, u, v]/(uv, z − xu, w − xv) whose singular locus is u = v = 0. This locus consists of normal crossing points, since Spec C[x, w, z, u, v]/(z− xu, w − xv) is smooth. The other points may be checked similarly. Having checked that the singularities are slc, the stability assertion is simply the ampleness of the canonical bundle, which follows from the ampleness of the canonical bundles of the factors.
The following theorem from [Kar00] is used for the general case. For the statement of the minimal model result on which it depends, see the original paper. Note that without this assumption, there is no proof yet that the moduli spaces of stable varieties of dimension higher than 2 exist. Theorem 2.2. Assume the (n + 1)-dimensional MMP. Let X → C be a family over the germ of a smooth curve with n-dimensional fibers. X × C C ′ has canonical singularities for all finite base changes C ′ → C if and only if, for all finite base changes C ′ → C, the general fiber of X × C C ′ has canonical singularities and the special fiber has slc singularities.
Another essential ingredient is
Proposition 2.3. Assume the (n + 1)-dimensional MMP. Let X → B be a family of stable varieties with B having only canonical singularities. If the generic fiber has only canonical singularities, then X has only canonical singularities.
Proof. For surfaces, this is proposition 4.1 in [Has96] . The proposition there is proved by induction on the dimension of the base. The inductive step is proved for families with fibers of arbitrary dimension. Therefore it suffices to prove the theorem with B a smooth curve. This follows from the MMP, according to Karu's result.
Recall that the stable varieties parameterized by the moduli space are only those which are smoothable, that is, those which appear as the special fiber of a 1-parameter family of varieties whose general members have only rational Gorenstein singularities. Proof. LetỸ 1 andỸ 2 be one-parameter smoothings over the unit disc ∆ of Y 1 and Y 2 , respectively. ThenỸ i and all finite base changes ofỸ i have canonical singularities by 2.2.
The fibered productỸ 1 × ∆Ỹ2 is a family overỸ 2 . The generic fiber is a product of varieties with rational Gorenstein singularities, hence is canonical, since the product of Gorenstein singularities is Gorenstein, and the product of rational singularities is rational [Elk78] . The same holds for any finite base change by factoring the base change into the factors. Therefore 2.2 implies that the special fiber ofỸ 1 × ∆Ỹ2 over ∆ has slc singularities. The smoothability is immediate, since products of rational Gorenstein singularities are rational Gorenstein. The stablity follows since the product of varieties with ample canonical class has ample canonical class.
A stronger version of this theorem which also depends on minimal model hypotheses, and which we will not use here is in [vO03] . Precisely, the total space of a flat family over a base with only slc singularities whose special fiber has only slc singularities has only slc singularities.
Main results
The main theorems below are stated and proved in the case of the product of two surfaces for ease of notation. However, the proofs generalize to the product of finitely many curves. Theorem 3.1. A connected component of M K 2 ,χ containing the moduli point of a surface X isomorphic to the product of two curves C 1 and C 2 of genera g 1 , g 2 ≥ 2, respectively is isomorphic to M g1 × M g2 if g 1 = g 2 . Proof. Let π : H → M g1 × M g2 be a finite cover over which a family exists with all possible products of stable curves of the given genera as fibers (see [Kol90] or [HM98] ). Call the family inducing π a bounding family. Since π is closed and surjective, it is a topological quotient map in either the Zariski or Euclidean topology.
For brevity of notation, M denotes the connected component of the moduli space of surfaces containing the moduli point of a product of curves C 1 × C 2 , with the genera of C i equal to g i . Since the product of stable curves is a stable surface, the bounding family over H gives a morphism φ : H → M . This is also a finite morphism, so its image is a proper subvariety of M of dimension 3g 1 + 3g 2 − 6. At the points in its image, the moduli space M is of the same dimension and irreducible, since it follows from lemma 1.5 that the Kuranishi space of a product of stable curves is smooth of dimension 3g 1 + 3g 2 − 6. Consequently, the image of φ is a proper subvariety of an irreducible projective variety which has the same dimension as the ambient variety. Therefore φ is surjective.
By definition, φ is constant on the fibers of π over closed points. Since π is a topological quotient, φ descends to give a map ψ : M g1 × M g2 → M which is bijective and continuous. Surjectivity follows from the surjectivity of φ, and injectivity follows from lemma 1.4. The map ψ is a homeomorphism (in the Euclidean topology) since (the associated analytic spaces of) the domain and codomain are compact Hausdorff spaces. Away from its branch locus, π is a submersion (beingétale), so ψ is a morphism away from the branch locus. But since the branch locus is a variety, and ψ is everywhere continuous, ψ is a morphism. Since M is locally a finite quotient of a smooth variety (the Kuranishi space), M is normal. Therefore, ψ is an isomorphism, since a morphism whose underlying map of topological spaces is a homeomorphism is an isomorphism if the codomain is normal. Theorem 3.2. A connected component of M K 2 ,χ containing the moduli point of a surface X isomorphic to the product of two curves C 1 and C 2 both of genus g ≥ 2 is isomorphic to the symmetric product of M g with itself.
Proof. The morphism ψ constructed in the proof of the previous theorem is not a homeomorphism in this case, but a double cover ramified over the diagonal of M g × M g , which descends to the symmetric power. The rest of the proof works for this new morphism. Let g 1 , . . . , g n−2 be distinct integers greater than 1 which are also distinct from all of the a i and b i and for each j = 1, . . . , n − 2, let C gj be a smooth curve of genus g j . Then the products
. . .
have the same numerical invariants, since these can be computed from the invariants of the curves, and for a product of two curves, χ and K 2 are both multiples of (a i − 1)(b i − 1). However, these curves belong to different components of the moduli space since the genera chosen are distinct.
One could also draw several easy corollaries of the theorem from the deep results in [HM98] concerning the moduli spaces of stable curves; in particular:
Corollary 3.4. The component of the moduli space containing the moduli point of a surface isomorphic to the product of curves C 1 × C 2 is of general type if the genera of C 1 and C 2 are different and both greater than 23.
Also, the rational Picard group is not as simple as in the case of curves.
Corollary 3.5. Let g and g ′ be distinct integers both greater than 1. Let M denote the moduli space of the product of a curve of genus g with a curve of genus g ′ as above. Then Pic M Q ∼ = (Pic M g Q) × (Pic M g ′ Q).
Proof. The moduli spaces of curves are integral schemes of finite type. Furthermore, H 1 (M g , C) = 0 (see, e.g. [AC98] ). Their singularities are at worst finite quotient singularities, since the Kuranishi spaces for curves are smooth and stable curves have a finite automorphism group. Since finite quotient singularities are DuBois, the results of [DB81] imply that H 1 (M g , C) → H 1 (M g , O Mg ) is surjective, so the latter group is zero. The result that the Picard group of the product decomposes as the product of Picard groups under these hypotheses is [Har77] ex. III.12.6. Specifically, for the moduli spaces of curves, the rational Picard group is freely generated by the Hodge class and the classes of the components of the boundary divisor [AC87] . The rational Picard group of the product has too high a rank for the same to be true. This is not surprising, since the cycle structure of the moduli spaces of surfaces is not as simple as that for curves. In general, the boundary is not likely a divisor, and there will be other "geometric" classes which occur, for example, the closure of the locus of surfaces whose canonical model has rational double points.
